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Abstract 
Over-dispersion is common in discrete data arising from random count processes. Several count 
data models have been discussed in available literature, but modeling overdispersed data is still 
problematic in changepoint analysis. This study presents a hybrid likelihood-based algorithm that 
detects and produces reliable estimates of multiple change points for equally dispersed and over-
dispersed data series; hence its advantage over other discrete changepoint techniques. The 
Negative Binomial Multiple Change Point algorithm is tested using synthetic data from the 
negative binomial distribution. Changes in the underlying data distribution are detected by 
conducting a likelihood ratio test on several partitions of data obtained through stepwise recursive 
binary segmentation, and maximum likelihood estimates of changepoints obtained. Critical values 
of the likelihood ratio test are developed and used to check for statistical significance of estimated 
change points. The simulation study further assesses the performance of the NBMCPA under 
varying sample sizes and locations of true changepoints. Various performance metrics are used to 
assess how well the model correctly identifies change points. Estimation errors are obtained as 
absolute deviations of known change points from the change points estimated under the 
algorithm. Algorithm robustness is evaluated through error analysis and visualization techniques 
including kernel density estimation and computation of metrics such as change point location 
accuracy, precision, sensitivity and false positive rate. The results indicate that the hybrid 
algorithm consistently detects change points that are present and does not erroneously detect 
changes when there are none. Changepoint location accuracy and precision of the algorithm 
increase with sample size, with best results for medium and large samples. Further model accuracy 
and precision are highest for changes located in the middle of the dataset compared to changes 
located in the periphery. The algorithm is found to work well for samples sizes with a threshold of 
500, and where there are no temporal dependencies in the data. However, researchers who wish 
to model larger datasets are encouraged to develop critical values for the likelihood ratio test that 
would accommodate sample sizes larger than n = 500. The algorithm is applicable to several real-
word scenarios and is recommended for modeling data arising from count processes, provided 
that the data assumptions on dispersion and temporal dependence are upheld. 
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1.0 Purpose and objectives 
1.1 Introduction 
Count data arising from stochastic processes often exhibit over-dispersion where the sample 
variance exceeds the sample mean. Several count data models have been proposed by researchers 
in available literature, but the problem of over-dispersion remains unresolved, more so in the 
context of change point analysis. Discrete change-point procedures discussed so far work well for 
equi-dispersed data but produce biased estimates where data are over-dispersed. This study 
develops an algorithm for detecting and estimating multiple change points in the distribution of 
count data that exhibits either over-dispersion or equi-dispersion. 
 
Monte Carlo simulation is used to illustrate the performance of the NBMCPA given different 
sample sizes and true change point locations. We check how the algorithm performance is 
affected by altering sample size and varying the location of known change points between the 
initial and last data point in a posteriori change setting. Most change point models in available 
literature work well for medium-to-large datasets, with biased estimates produced for small-sized 
data sets (Gupta et al., 2024); Truong et al., 2020; Van den Burg and Williams 2020)). The current 
study assesses the NBMCPA capability to correctly detect and locate a set of known (pre-defined) 
change points for various small and medium over-dispersed discrete data samples. 
 
The sample sizes considered are 𝑛 = 12, 20, 60, 100, 200, and 500 while the known change point 
locations are set at 𝑛/4, 𝑛/2, and 3𝑛/4. The locations of the change points are chosen to compare 
the performance of the algorithm when true changes are located closer to the first data point (at 
position 𝑛/4 ), midway through the data (at position 𝑛/2 ), and farther away from the first data 
point (at position 3𝑛/4 ). Past studies on change detection models have indicated that 
changepoints that are located near the middle of a dataset are detected with the most accuracy 
(Mundia et. al., 2014; Nyambura et. al., 2016; Wambui et. al., 2015). 
 
The algorithm is fitted over 10000 iterations to synthetic data generated under the Negative 
Binomial ( 𝑟, 𝑝) distribution. Two data scenarios are considered: when there is no change in both 
distribution parameters, and when there exists a single simultaneous change in the dispersion 
parameter, 𝑟, and the success probability, 𝑝. In the latter scenario, parameters for the first 
segment are chosen as 𝑟 = 8, 𝑝 = 0.4 while the second segment takes the parameters 𝑟 = 5, 𝑝 =
0.2. The choice of the parameters matches those selected in simulation study presented in 
Nyambura et al. (2024). Many change point models in literature are capable of detecting changes 
in mean or dispersion parameters where the changes between adjacent data segments is 
sufficiently large, or somewhat obvious to the human eye when the time series is visualized. 
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Further, changes are more easily detected when the dataset is large compared to small and 
medium datasets (Scott and Gorman, 2015). 
 
Visualization of changepoint estimates produced by the NBMCPA in the simulation study allow for 
visual evaluation of the bias (systematic deviation from the true change point) and precision 
(variability of the estimates) of the model under different conditions of sample size and change 
locations. 
 
2.0 Methodology 
2.1 The negative binomial distribution 
In probability and statistics, the negative Binomial distribution is often used to model the number 
of successes in an infinite sequence of independent and identically distributed Bernoulli trials. The 
distribution has two parameters 𝑟 and 𝑝, where 𝑟 is a constant representing a fixed or predefined 
threshold for the number of successes required and 𝑝 ∈ [0,1] is the success probability, which is 
constant from one Bernoulli trial to the next. The probability distribution, 𝑓(𝑥; 𝑟, 𝑝) of a Negative 
Binomial random variable has two possible formulations which are contingent on the definition of 
measure of interest. The version used in this study counts the number of failures, 𝑥, before the 𝑟-
th success. The probability mass function of 𝑋 is defined by: 
 

𝑓(𝑥; 𝑟, 𝑝) =
Γ(𝑥 + 𝑟)

𝑥! Γ(𝑟)
𝑝𝑟𝑞𝑥 (1) 

 
where 𝑝 ∈ [0,1], 𝑞 = 1 − 𝑝, 𝑟 > 0 and 𝑥 = 0,1,2,3, …. 
 
The standard formulation of the Negative Binomial distribution is such that the mean and variance 
of random variable 𝑋 are both derived quantities whose values are obtained from the primary 
parameters 𝑟 and 𝑝 as: 
 

𝐸[𝑋] = 𝜇 =
𝑟𝑞

𝑝
  and  Var(𝑋) = 𝜎2 =

𝑟𝑞

𝑝2
= 𝜇 +

1

𝑟
𝜇2 (2) 

 
The parameter 𝑟 is the measure for over-dispersion since the variance of X, 𝜎2 in equation (2) 
exceeds the mean, 𝜇 by a function of 𝑟. 
 
2.1.1 Parameterization of the negative binomial distribution for the proposed change point 
algorithm 
Under the formulation of the Negative Binomial distribution with the probability mass function 
defined as in equation (1), consider the mean, 𝜇 and variance, 𝜎2 as the primary quantities and 
the parameters 𝑟 and 𝑝 as derived quantities such that the values of 𝑟 and 𝑝 can be derived from 
the mean and variance of the data distribution as: 
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𝑟 =
𝜇2

(𝜎2 − 𝜇)
  and  𝑝 =

𝑟

(𝑟 + 𝜇)
(3) 

 
The factor 1/𝑟 in variance formula defined in equation (2) is a sort of 'clumping' parameter since 
as difference in variance and mean decreases, that is 𝜎2 − 𝜇 → 0 then 𝑟 → ∞ and 1/𝑟 → 0. In 

other words as 𝑟 → ∞, the variance, 𝜎2 = 𝜇 +
1

𝑟
𝜇2 approaches the mean, 𝜇 so that 𝑁𝐵(𝑟, 𝑝) 

approaches the Poisson (𝜇) distribution with both mean and variance equal to the parameter 𝜇. 
Therefore, under the parameterization given in equation 3, Poisson is the limiting distribution for 
the Negative Binomial. 
 

lim
𝑟→∞

 𝑁𝐵 (𝑟, 𝑝 =
𝑟

𝑟 + 𝜇
) = Pois(𝜇) (4) 

 
A common scenario is where the factor 1/𝑟 is large. This happens in cases where the variance 
exceeds the mean such that the data are over-dispersed. It follows that 𝜎2 − 𝜇 → ∞ then 𝑟 → 0 
and 1/𝑟 → ∞. The larger the factor 1/𝑟 the greater the amount of over-dispersion Lindén and 
Mäntyniemi (2011) and Lord et al. (2012). Equation (4) justifies the use of the negative binomial 
distribution to model count data that is both over-dispersed and equi-dispersed, hence its 
advantage over the standard Poisson model for count data. 
 
2.1.2 The likelihood function of 𝐍𝐁(𝑟, 𝑝) distribution 
Suppose we have a sample 𝑋1, 𝑋2, 𝑋3, … 𝑋𝑁 from a NB (𝑟, 𝑝) distribution with probability 
distribution 𝑓(𝑥; 𝑟, 𝑝) described as in equation (1). The likelihood function is obtained as: 
 

𝐿(𝑟, 𝑝) = ∏  

𝑁

(𝑖=1)

  [𝑓(𝑥𝑖; 𝑟, 𝑝)] (5) 

 
The log-likelihood function is given by: 
 

 

 𝑙(𝑟, 𝑝) = ∑  

𝑁

𝑖=1

  ln(Γ(𝑥𝑖 + 𝑟)) − 𝑁 ln(Γ(𝑟)) − ∑  

𝑁

𝑖=1

  ln(𝑥𝑖!) + 𝑁𝑟 ln(𝑝) + ∑  

𝑁

𝑖=1

 𝑥𝑖 ln(𝑞)          (6)
 

 
2.2 Dispersion test 
A count data distribution may exhibit any of three kinds of dispersion: under-dispersion, equi-
dispersion or over-dispersion. The type of dispersion is dependent on the mean-variance 
relationship of the sample data. In this study, the variance-to-mean ratio (VMR), otherwise 
referred to as the dispersion index (D), is determined for the entire sample and for each segment, 
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following which a dispersion test is conducted prior to applying the change point algorithm. 
Starting with the assumption that sample count data are equally dispersed so that the index of 
dispersion 𝐷 = 1 and the sample agrees with a theoretical Poisson series, a dispersion test is 
conducted with the following hypotheses: 
 

𝐻0: D = 1  (Data are equi-dispersed) 

 versus 
𝐻1: D > 1  (Data are over-dispersed) 

 versus 
𝐻1: D < 1  (Data are under-dispersed) 

 

 
The index of dispersion is computed from sample statistics as in equation 7. The VMR of the sample 
data informs the choice of the distribution model to fit to the data as summarized in table 6. 
 

𝐷 =
𝑆2

𝑋‾
(7) 

 
Table 1: Mean-Variance Relationships 

Dispersion 
index (𝐷) 

Dispersion type Possible distribution 

𝐷 = 0 Not dispersed Constant variable 

0 < 𝐷 < 1 Under-dispersion Binomial Distribution 

𝐷 = 1 Equi-dispersion Poisson Distribution 

𝐷 > 1 Over-dispersion Negative Binomial Distribution 

 
where 𝑆2 is the sample variance and 𝑋‾  is the sample mean. 
 
Tests for significant departure of the index of dispersion from 1 are performed under the Chi-
square or Normal distributions contingent on the size of sample data as described in Ludwig and 
Reynolds (1988). For small ( 𝑛 < 30 ) samples, the dispersion test statistic is defined by equation 
(8) 
 

𝑑 = 𝐷(𝑛 − 1) (8) 
 
where 𝑑 is approximated by a Chi-Square distribution with (𝑛 − 1) degrees of freedom. The 
decision criteria is such that agreement with the Poisson distribution is accepted if 𝑑 falls between 

the chi-square table values at the probability levels (1 −
𝛼

2
) and (

𝛼

2
). On the other hand, if 𝑑 falls 

below the chi-square table value at the ( 1 −
𝛼

2
 ) level, the alternative hypothesis of under-
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dispersion is accepted in favor of 𝐻0. In cases where 𝑑 exceeds the chi-square table value at the 

(
𝛼

2
) level, the alternative hypothesis of over-dispersion is accepted in favor of 𝐻0. 

 
 
For large ( 𝑛 ≥ 30 ) samples, the test statistic is given by: 
 

𝑑 = √2𝐷(𝑛 − 1) − √2(𝑛 − 1) − 1 (9) 

 
where 𝑑 is approximately Normal. The null hypotheses is rejected based on a comparison of the 
absolute value of 𝑑 against the two-sided critical values from the Standard Normal tables for a 
given level of the test. For a size 𝛼 = 0.05 test, 𝐻0 is rejected if |𝑑| < −1.96 or |𝑑| > 1.96, in 
which case the distribution is said to be under-dispersed or over-dispersed respectively. The 
change detection and estimation algorithm described in section 2.3 is applied to over-dispersed 
and equi-dispersed samples, while underdispersed samples are discarded. 
 
2.3 The negative binomial multiple change point algorithm 
The Negative Binomial Multiple Change Point Algorithm (NBMCPA) algorithm is developed in an 
iterative process involving recursive binary segmentation, hypothesis testing for existence of 
statistically significant change, and estimation of the change points, if any, using maximum 
likelihood approach. According to the parameterization described in equation (3), the parameter 
𝑟 is such that its value depends only on the mean, 𝜇 and variance, 𝜎2 of the data distribution. On 
the other hand, the parameter 𝑝 is dependent on parameter 𝑟 and the mean 𝜇 of the distribution. 
As such, a change in parameter 𝑟 automatically implies a change in parameter 𝑝. Therefore, for 
simplicity, the NBMCPA will explicitly consider only the hypotheses for a step change in the over-
dispersion parameter 𝑟. 
 
2.3.1 Assumptions for the algorithm 
The NBMCPA was built under the following data assumptions: 

𝐴1 : The sample data arise from a count process, and are therefore discrete. 
𝐴2 : There are no temporal dependencies in the sample data. 
𝐴3 : A step change in both parameters 𝑟 and 𝑝 of the Negative Binomial distribution 
occur simultaneously. 

 
2.3.2 The stepwise recursive binary segmentation procedure 
The stepwise recursive binary segmentation (SWRBS) procedure, similar to the method discussed 
in Korkas and Fryzlewicz (2017) is an iterative process involving 5 elementary steps as illustrated 
by figure 1. 
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Figure 1: The SWRBS Procedure 

 
Starting with a chronological sequence of length 𝑁 from the Negative Binomial ( r, p ) distribution, 
partition the sequence into two parts at an arbitrary point 𝑘 corresponding to the observation 
made at the random time point 𝑡𝑘. Check for the existence of a statistically significant distinction 
in the over-dispersion parameters 𝑟1 and 𝑟2 of the two sub-sequences by conducting a likelihood 
ratio test. If the two partitions are found to be significantly different with regard to the 
distributional parameters, then a change exists at or near the time point 𝑡𝑘. In this case, proceed 
to estimate the location of the said change using the maximum likelihood method. 
 
Once the first change has been located, repeat the processes of partitioning, hypothesis testing 
and change point estimation in each of the two new sub-sequences formed. On the other hand, if 
no change is evident at the first arbitrary point 𝑘, seek an alternative arbitrary point and repeat 
the likelihood ratio test; hence obtain the MLE of the change point, if a change exists. The SWRBS 
procedure is repeated over and over until no more significant changes are identified. 
 
2.3.3 Partitioning the data sequence 
Consider a sequence of random calendar time points: 𝑡0, 𝑡1, 𝑡2, ⋯ , 𝑡𝑁. Let 𝑥1, 𝑥2, … , 𝑥𝑁 be a 
sequence of observed values or realizations of a stochastic process. Let [𝑡0, 𝑡1] be the length of 
the partition between consecutive time points 0 and 1 , and [𝑡1, 𝑡2] be the length of the partition 

between consecutive time points 1 and 2, and so on. Assume that each partition [𝑡𝑖, 𝑡𝑗] for 𝑗 ∈

[1, 𝑁] and 𝑖 ∈ [0, 𝑁] and 𝑖 ≠ 𝑗 of the original sequence {𝑥𝑖} consists of a random sub-sequence 
{𝑥ℎ, 𝑥ℎ+1, 𝑥ℎ+2) … }. Assume that the observed values in each partition follows a Negative 
Binomial distribution with parameter 𝑟𝑗 for 𝑗 ∈ [1, 𝑁] as shown in figure 2. 
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Figure 2: Timeline diagram showing sequence partitions 

 
2.3.4 The likelihood ratio test for existence of the first change 
An investigation as to whether a change exists at some random point 𝑘 ∈ [2, 𝑁 − 2] in a sequence 
of 𝑁 observations is done by conducting a two-tailed likelihood ratio test (LRT). The null hypothesis 
states that there is no change in the over-dispersion parameter 𝑟 across the entire sample. The 
alternative hypothesis seeks a difference in the overdispersion parameter 𝑟 between the two data 
segments, such that the first partition of the sequence in the interval [𝑡0, 𝑡𝑘] has the parameter 𝑟𝛼 
while the second partition in the interval [𝑡𝑘+1, 𝑡𝑁] has parameter 𝑟𝛽, where 𝑟𝛽 ≠ 𝑟𝛼. The 

mathematical hypotheses are described as in equation (10): 
 

𝐻0: 𝑟1 = 𝑟2 = ⋯ = 𝑟𝑁 = 𝑟 
 
Versus 
 

𝐻1: 𝑟1 = 𝑟2 = ⋯ = 𝑟𝑘 = 𝑟𝛼 ≠ 𝑟𝑘+1 = 𝑟𝑘+2 = ⋯ = 𝑟𝑁 = 𝑟𝛽 (10) 
 
The log-likelihood function under 𝐻0 is given by equation (11) as: 
 

𝑙0(𝑟̂, 𝑝̂ ∣ 𝑥𝑖) = ∑  

𝑁

𝑖=1

 ln {
Γ(𝑥𝑖 + 𝑟̂)

𝑥𝑖! Γ(𝑟̂)
𝑝̂𝑟̂𝑞̂𝑥𝑖} (11) 

 
where the method of moments estimates (MME) of the model parameters are given by: 
 

𝑟̂ =
𝑋‾ 2

𝑆2 − 𝑋‾
  and  𝑝̂ =

𝑟̂

𝑟̂ + 𝑋‾
  and  𝑞̂ = 1 − 𝑝̂ 

 
The statistics 𝑆2 and 𝑋‾  are the unbiased estimates of the population variance and mean 
respectively obtained as: 
 

𝑋‾ =
∑  𝑁

𝑖=1  𝑥𝑖

𝑁
  and  𝑆2 =

∑  𝑁
𝑖=1   (𝑥𝑖 − 𝑋‾)2

𝑁 − 1
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The log-likelihood function under 𝐻1 for an arbitrary change point 𝑘 ∈ [2, 𝑁 − 2] is defined in 
equation (12). 
 

𝑙1(𝑟̂𝛼, 𝑟̂𝛽 , 𝑝̂𝛼, 𝑝̂𝛽 ∣ 𝑥𝑖) = ∑  

𝑘

𝑖=1

 ln {
Γ(𝑥𝑖 + 𝑟̂𝛼)

𝑥𝑖! Γ(𝑟̂𝛼)
(𝑝̂𝛼)𝑟̂𝛼(𝑞̂𝛼)𝑥̂𝑖} + ∑  

𝑁

𝑖=𝑘+1

 ln {
Γ(𝑥𝑖 + 𝑟̂𝛽)

𝑥𝑖! Γ(𝑟̂𝛽)
(𝑝̂𝛽)

𝑟̂𝛽
(𝑞̂𝛽)

𝑥̂𝑖
} (12) 

 
where the method of moments parameter estimates for the lower partition of the data (𝑟𝛼, 𝑝𝛼 and 
𝑞𝛼) are obtained as: 
 

𝑟̂𝛼 =
𝑋‾𝑘

2

𝑆𝑘
2 − 𝑋‾𝑘

 , 𝑝̂𝛼 =
𝑟̂𝛼

𝑟̂𝛼 + 𝑋‾𝑘

  and  𝑞̂𝛼 = 1 − 𝑝̂𝛼 

 
whereas, for the upper segment of the sample data, the MME of model parameters 𝑟𝛽, 𝑝𝛽 and 𝑞𝛽 

are given by: 
 

𝑟̂𝛽 =
𝑋‾𝑁−𝑘

2

𝑆𝑁−𝑘
2 − 𝑋‾𝑁−𝑘

 , 𝑝̂𝛽 =
𝑟̂𝛽

𝑟̂𝛽 + 𝑋‾𝑁−𝑘

  and  𝑞̂𝛽 = 1 − 𝑝̂𝛽 

 
The statistics 𝑆𝑘

2 and 𝑋‾𝑘 are the unbiased estimates of the sub-population variance and mean for 
the first 𝑘 observations respectively obtained as: 
 

𝑋‾𝑘 =
∑  𝑘

𝑖=1  𝑥𝑖

𝑘
  and  𝑆𝑘

2 =
∑  𝑘

𝑖=1   (𝑥𝑖 − 𝑋‾𝑘)2

𝑘 − 1
 

 
Similarly, the statistics 𝑆𝑁−𝑘

2  and 𝑋‾𝑁−𝑘 are the unbiased estimates of the sub-population variance 
and mean for the next 𝑁 − 𝑘 observations respectively obtained as: 
 

𝑋‾𝑁−𝑘 =
∑  𝑁

𝑖=𝑘+1  𝑥𝑖

𝑁 − 𝑘
  and  𝑆𝑁−𝑘

2 =
∑  𝑁

𝑖=𝑘+1   (𝑥𝑖 − 𝑋‾𝑁−𝑘)2

𝑁 − 𝑘 − 1
 

 
The likelihood ratio statistic at an arbitrary point 𝑘 takes the form: 
 

Λ𝑘̂ = −2 (𝑙0(𝑟̂, 𝑝̂) − 𝑙1(𝑟̂𝛼, 𝑟̂𝛽 , 𝑝̂𝛼, 𝑝̂𝛽)) (13) 

 

The change point 𝑘̂ ∈ [2, 𝑁 − 2] corresponding to the time point 𝑡𝑘 is estimated such that the LRT 
statistic in equation (13), or equivalently its square root, is maximized. Statistical significance of 

the estimated change point 𝑘̂ is determined by comparing the maximum value of Λ𝑘̂ against the 
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critical value of the LRT developed in section 3.4. Of interest is to find the optimal value of the 
likelihood ratio as: 
 

𝑍𝑁̂ = max
2≤𝑘≤𝑁−2

 √Λ𝑘 (14) 

 

The decision is made such that 𝐻0 in equation is rejected if the LRT statistic is large so that 𝑍𝑁̂ >
𝐶. The constant 𝐶 is a critical value that is determined by the level of the test 𝛼, the sample size 
𝑁, and the null distribution of the likelihood ratio test statistic in equation 13 as in Gombay and 

Horvath (1990). Otherwise, small values of 𝑍𝑁̂ such that 𝑍̂𝑁 ≤ 𝐶 indicate that a change exists at 
the time point 𝑡𝑘, but the change is not statistically significant. 
 
2.3.5 Testing for the second and subsequent change points 
Once the first change point is obtained, the likelihood ratio test is repeated in each of the two data 
segments formed. As a simple illustration, assume that there are 𝑛 = 100 observations from the 
Negative Binomial distribution and that the first change point is estimated at time 𝑡20. This results 
in two segments of the data set 𝑡1, … , 𝑡20 and 𝑡21, … , 𝑡100 having different parameters. A single 
change point algorithm would stop at this first change point. However, a multiple change point 
algorithm proceeds to investigate whether additional change points exist in the data set. This is 
done by conducting a likelihood ratio test for change in the lower segment (𝑡1, … , 𝑡20) and in the 
upper segment (𝑡21, … , 𝑡100) of the data, one at a time. To determine the possibility of change in 
the lower segment, the hypotheses in equation 15 are tested: 

 
𝐻0: 𝑟1 = 𝑟2 = ⋯ = 𝑟20 = 𝑟      versus

 𝐻1: 𝑟1 = 𝑟2 = ⋯ = 𝑟𝑘 = 𝑟𝛼 ≠ 𝑟𝑘+1 = 𝑟𝑘+2 = ⋯ = 𝑟20 = 𝑟𝛽                          (15)
 

 
The LRT procedure given in section 2.3.4 is then followed. Similarly, to detect change in the upper 
data segment, the LRT procedure is applied with the test hypotheses defined in equation 16. 
 

𝐻0: 𝑟21 = 𝑟22 = ⋯ = 𝑟100 = 𝑟 
 
Versus 
 

𝐻1: 𝑟21 = 𝑟22 = ⋯ = 𝑟𝑘 = 𝑟𝛼 ≠ 𝑟𝑘+1 = 𝑟𝑘+2 = ⋯ = 𝑟100 = 𝑟𝛽 (16) 
 
Detection and location of the second and third change points, assuming they both exist, results in 
further sub-partitions of the data so that there are four segments in total for the entire sequence 
of size 𝑛 = 100. Each of the four smaller partitions is then tested for change and the splitting 
process is repeated: hence the name stepwise recursive binary segmentation. The position of any 
viable change point, 𝑡𝑘 must satisfy the inequality 𝑡2 ≤ 𝑡𝑘 ≤ 𝑡𝑛−2 so that a change point can 
neither occur at the first nor last two observations in the sequence. Instead, the change point must 
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be sandwiched between some two observations. In the problem of multiple change point analysis 
given a sample of size 𝑛, the maximum possible number of change points is 𝑛 − 3, which excludes 
the first and last two observations. 
 
2.4 Determining the critical values for the likelihood ratio test for existence of change 
The study makes use of the methods described by Gombay and Horvath on the asymptotics of 
maximum-likelihood ratio-type statistics for testing a sequence of observations for no change in 
parameters against a possible change while some nuisance parameters may remain constant over 
time Gombay and Horvath (1996). Gombay and Horvath obtained extreme value approximations 
as well as Gaussian-type approximations for the square root of the likelihood ratio in equation 
(13). They also approximated the maximum likelihood ratio using Ornstein-Uhlenbeck processes 
and obtained the upper bounds for the rate of approximation. 
 
To derive critical values of the LRT statistic, this study makes use of the asymptotic 

distribution of √𝑍𝑛 as described in equation (14). Different critical values are obtained for various 

small and medium sample sizes ( 𝑛 = 12,20,60,100,200, and 500), various test sizes ( 𝛼 =
1%, 5% and 10% ).  
 
The asymptotic critical values of are derived as follows: Let 0 < 𝛼 < 1 be the level of the double-
sided Likelihood Ratio Test. 
 
Define: 

𝑧𝑛 = 𝑧𝑛(1 − 𝛼) = sup(𝑥: 𝑃{√𝑍𝑛 ≤ 𝑥} ≤ 1 − 𝛼) 

 
Define also: 

𝑟(ℎ, 𝑙)  = 𝑟(ℎ, 𝑙; 1 − 𝛼)

 = sup (𝑥: 𝑃 { sup
ℎ≤𝑡≤1−𝑡

 {𝐵(𝑑)(𝑡)/(𝑡(1 − 𝑡))}
1/2

≤ 𝑥} = 1 − 𝛼)(17)
 

 
Then, according to Gombay et. al., (1996) if the null hypothesis of no change holds and ℎ(𝑛) and 
𝑙(𝑛) are chosen such that both exceed 1/𝑛 then 
 

lim
𝑛→∞

 𝑃{√𝑍𝑛 > 𝑟(ℎ(𝑛), 𝑙(𝑛))} = 𝛼 

 
So that 𝑟(ℎ(𝑛), 𝑙(𝑛)) is an asymptotically correct critical value of size 𝛼. 
 
It can be shown that for all 0 < ℎ < 1 − 𝑙 < 1. 
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sup
ℎ≤𝑡≤1−𝑡

 (
𝐵(𝑑)(𝑡)

𝑡(1 − 𝑡)
)

1/2

= sup
0≤𝑡≤log(1−ℎ)(1−𝑙)/ℎ𝑙

 Δ(𝑡) 

 
Such that for any 𝑇 > 0 
 

𝑃 { sup
0≤𝑡≤𝑇

 Δ(𝑡) > 𝑥} =
𝑥𝑑exp(−𝑥2/2)

2𝑑/2Γ(𝑑/2)
{𝑇 −

𝑑

𝑥2
𝑇 +

4

𝑥2
+ 𝑂 (

1

𝑥4
)} (18) 

 

The approximations for the distributions of 𝑟(ℎ(𝑛), 𝑙(𝑛)) and √𝑍𝑛 proposed by Gombay and 

Horvath (1990) were applied to data assumed to follow the exponential, Poisson and Normal 
distributions Gombay and Horvath (1990). Further, the approximations were based on a 
convenient choice of the parameters ℎ and 𝑙 such that: 
 

ℎ(𝑛) = 𝑙(𝑛) =
(log 𝑛)(3/2)

𝑛
 

 
The value of parameter 𝑇 was dependent on the choice of ℎ and 𝑙 as: 
 

𝑇 = log (
(1 − ℎ)(1 − 𝑙)

ℎ𝑙
) 

 
This study extends the method discussed in Gombay and Horvath to data obtained from the 
Negative Binomial distribution. Alternative values of ℎ(𝑛) and 𝑙(𝑛) are tested to get the best 
asymptotic critical values. 
 

The assumptions made are that the limiting distribution of √𝑍𝑛 is the double exponential 

distribution, which is achieved through careful selection of the negative binomial parameters 
during simulations. Particularly, the parameters should be such that the amount of over-dispersion 
is neither extreme nor negligible. Further, moderate values for 𝑟 and 𝑝 should be chosen to ensure 
that the distribution exhibits properties conducive to convergence. Choosing 𝑟 values that are not 
too small helps to avoid excessive variability and 𝑝 is neither too high nor too low to maintain a 
balanced success rate. 
 
2.5 The NBMCPA performance metrics 
2.5.1 True positive rate (sensitivity) 
In the context of change point detection, a True Positive (TP) refers to a correctly detected change 
point, while a False Negative (FN) is a missed change point or a true changepoint that was not 
detected by the model. Sensitivity evaluates how well the model detects change points that are 
truly present. For each iteration, if the model identifies a change point at position 𝑘, where 𝑘 =
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𝑛/4, 𝑛/2 or 3𝑛/4 or within a defined tolerance, the change point estimate counts as a true 
positive. If the algorithm fails to detect the preset change point, then the event counts as a false 
negative. A high sensitivity indicates that the model is good at detecting change points. 
Mathematically, the true positive rate is calculated according to Aminikhanghahi and Cook (2017) 
as: 
 

 True Positive Rate  =
 Number of correctly detected change points 

 Total number of true change points 
(19)

 =
 True Positives 

 True Positives + False Negatives 
(19)

 

 
2.5.2 False positive rate (FPR) 
This metric determines the rate of false alarms in change point detection. It measures how often 
the model incorrectly detects a change point where there is none. In the simulation study, a false 
alarm is found to occur if the model detects a change point outside of the expected region, so that 
the estimated change point is not near positions 𝑘 = 𝑛/4, 𝑛/2 or 3𝑛/4 respectively. A low FPR is 
desirable, meaning the model does not falsely locate a change point too frequently. 
 

 False Positive Rate =
 Number of false positives 

 Total number of iterations 
(20) 

 
2.5.3 Change point location accuracy 
This metric evaluates how well the algorithm locates a true change point, particularly when it 
correctly detects a change point. For each iteration, we calculate the absolute difference between 
the estimated change point and the true change point, then find the location accuracy as the 
average of these differences over all iterations. Smaller values of mean absolute error (MAE) 
suggest is more accurate in locating the change points, and if there is a consistent low error, then 
the model is consistently accurate. Mathematically, the MAE is calculated according to 
Aminikhanghahi and Cook (2017) and Chander etal. (2024) as: 
 

 Mean Absolute Error (MAE) =
1

𝑇
∑  

𝑇

𝑖=1

  |𝑐̂𝑖 − 𝑐| (21) 

 
Where 𝑐 is the true/known change point, 𝑐̂𝑖 is the estimated change point for iteration 𝑖, and 𝑇 is 
the total number of iterations where a change point is detected. 
In addition to MAE, the median and interquartile range of the absolute errors are calculated. A 
narrow interquartile range and a median error close to 0 would indicate that the model is precise 
and accurate. A wider range or a high median error would indicate issues with precision or bias. 
Unlike the MAE, the Median Absolute Error is less sensitive to outliers; hence it gives the typical 
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magnitude of error in a model's predictions, providing a better measure of change location 
accuracy in the presence of outliers. 
 
2.5.4 Precision 
In the context of change point analysis, precision measures how often the detected changepoints 
are correct or rather, how often a estimated change point matches the true changepoint. Precision 
is computed as the ratio of true positives to the total number of all detected change points (among 
true positives and false positives). High precision means that when the model detects a change 
point, it is usually correct. Mathematically, precision of the algorithm is computed according to 
Aminikhanghahi and Cook (2017) as: 
 

 Precision =
 True Positives 

 True Positives +  False Positives 
(22) 

 
2.5.5 F1 Score 
The F1 score is a combined measure of precision and true positive rate, providing a single metric 
to evaluate the model's performance. An F1 score closer to 1 indicates a good balance between 
precision and recall, suggesting that the model is both accurate and reliable in detecting change 
points. Mathematically, the F1 score is computed from the model precision and sensitivity 
according to Killick et al. (2012); Van den Burg and Williams (2020) as: 
 

 F1 Score = 2 ×
 Precision ×  Sensitivity 

 Precision +  Sensitivity 
(23) 

 
2.5.6 Empirical coverage 
This is the proportion of times the true change point falls within a certain region, or a window 
around the true change point, where the model estimates a change point. In evaluation of change 
point detection ability of the NBMCPA, or other change detection models using classification 
metrics such as precision and empirical coverage, it is common to define a margin of error or 
threshold around the known change location to allow for minor discrepancies (Killick et al.,2012; 
Truong et al.,2020). The tolerance level defines the allowable error in the change detection so that 
estimated change points that are close, though not exact, to the real change point are not 
classified as missed changes. Given a tolerance range, say within ±𝑘 positions of 𝑛/2, we compute 
the proportion of iterations in which the model estimates a change point within this range. A 
higher empirical coverage indicates that the model is correctly detecting change points close to 
the true location most of the time. Empirical coverage is computed according to Van den Burg and 
Williams (2020) as: 

 Empirical coverage =
 Number of detected change points within tolerance range 

 Number of iterations 
(24) 
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Selection of the threshold 𝑘 depends on the scale of the data and magnitude of changes. If data 
spans a wide range or if changes are subtle, a larger threshold may be set to account for small 
variations that should not be penalized as false detection. For smaller datasets or datasets where 
changes are more pronounced, a smaller threshold could be used to ensure that the model's 
detected change points are very close to the true changepoint. The threshold can also be chosen 
based on how it affects performance metrics such as the F1 score. In this study, the changes 
considered are subtle with the Negative Binomial parameters remaining constant throughout the 
simulation study. A threshold of 𝑘 = 1 is used for small samples of size 𝑛 <= 60, for sample sizes 
between 𝑛 = 60 and 𝑛 = 200 a threshold of 𝑘 = 3 is used, while a tolerance of 𝑘 = 5 is applied 
for sample sizes 200 < 𝑛 < 500. 
 
2.6 Visual analysis of estimation results 
2.6.1 Histograms of estimated change points 
Frequency histograms are plotted to show the general distribution of the estimated change point 
locations across all iterations. The charts give an idea of the scatter or spread of the model's 
estimates around the true location. The tallest bar on the chart shows the modal change point 
estimate(s), while the general shape of the histogram helps to infer the distribution of estimated 
change points around the true/known value. Bars that are located farther from the true value 
point to the existence of false positives. 
 
2.6.2 Kernel density estimate of change points 
A Kernel Density Estimate (KDE) is a non-parametric way to estimate the probability density 
function of a random variable. For the change point estimation problem, when comparing the 
estimated change points against the true change point, the KDE helps to visualize how the 
estimated change points are distributed relative to the true change point Chen (2017). In this 
study, we graph the Kernel density estimate of the detected change points across all iterations to 
provide a smoothed estimate of the data distribution. Mathematically, the KDE is computed as: 
 

𝑓ℎ(𝑥) =
1

𝑛ℎ
∑  

𝑛

𝑖=1

 𝐾 (
𝑥 − 𝑋𝑖

ℎ
) (25) 

 
Where: 

𝑓ℎ(𝑥) is the estimated probability density function at point 𝑥. 𝑛 is the number of estimated 
changepoints 𝑋𝑖 is the estimated changepoint from iteration 𝑖. ℎ is the bandwidth parameter, 
controlling for the smoothness of the density estimate. 𝐾(⋅) is the kernel function. 
 
In this study, we used the Gaussian (Normal) kernel defined by: 
 

𝐾(𝑢) =
1

√2𝜋
𝑒−

1
2

𝑢2

(26) 
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Plunging the Gaussian kernel in equation 26, the KDE in equation 25 becomes: 
 

𝑓ℎ(𝑥) =
1

𝑛ℎ√2𝜋
∑  

𝑛

𝑖=1

 𝑒−
1
2

(
𝑥−𝑥𝑖

ℎ
)

2

(27) 

 
This kernel ensures that each estimated change point contributes to the density estimate 
according to the normal distribution centered at 𝑋𝑖, with a spread controlled by the bandwidth ℎ. 
If the model is performing well, the KDE will show a peak near the true change point. The width of 
the peak depends on the chosen bandwidth parameter ℎ : a small bandwidth results in a more 
jagged estimate (with sharper peaks and valleys), while a large bandwidth gives a smoother, 
broader peak Kang and Noh (2019). By visualizing the KDE, we assess whether the estimated 
change points are concentrated around the true change point or if there is significant bias or 
variability in the model's estimates. =The bandwidth ℎ is a critical parameter in KDE. Too small a 
bandwidth leads to an over-fitting problem, where the density estimate is too noisy, while too 
large a bandwidth results in under-fitting, where the estimate is too smooth. This study utilities 
the Silverman's Rule of Thumb to identify the optimal bandwidth parameter ℎ as: 
 

ℎ = 0.9 ⋅ min (std(𝑋),
IQR(𝑋)

1.34
) ⋅ 𝑛−1/5 (28) 

 
Where std(𝑋) is the standard deviation, IQR(𝑋) is the interquartile range, and 𝑛 is the number of 
change points estimated. 
 
3.0 Results and discussion 
3.1 The multiple change point algorithm 
The negative binomial multiple change point algorithm was developed as a set of 9 steps based on 
the model equations discussed in the foregoing methodology. The sequential iterative steps are 
outlined here-below: 
 
Step 1 
Input or load the sample data into statistical software such as R. These data could be either real 
observed count data or simulated data from Negative Binomial Distribution. 
Step 2 
Compute the sample mean 𝑋‾  and variance 𝑆2 for these data. Conduct a test for dispersion. If data 
are over-dispersed or equi-dispersed, proceed to estimate parameters, otherwise discard the 
sample. Using the sample mean and variance, find the method of moments estimates of the two 
parameters 𝑟̂ and 𝑝̂ of the negative binomial model according to equation (11) 
 
Step 3 
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Using the sample data and the parameter estimates in step 2, compute the log-likelihood functions 
under the null and alternative hypotheses for various values of the arbitrary change point 𝑘 as 

described in equations (11) and (12) respectively. Next, compute the likelihood ratio statistic Λ𝑘̂ 
as described in equation 13) for each possible value of the change point 𝑘. Store all computed 
values of the likelihood ratio statistic in a single vector. 
 
Step 4 

Plot a graph of the likelihood ratio statistic Λ𝑘̂ or equivalently, its square root, against the possible 
values of 𝑘. A line plot sufficiently shows at a glance the behavior of the likelihood ratio over 
sequential values of 𝑘. 
 
Step 5 
Investigate whether a change exists at some point 𝑘 by visually inspecting the graph in step 4. As 
a guide, when there is no change the likelihood ratio statistic does not have a unique maximum 
point. On the other hand, when a change exists at some point 𝑘, the graph of the likelihood ratio 
test statistic is such that it reaches a maximum value at exactly or in the neighborhood of the point 
𝑘. Figures (3) and (4) represent illustrative graphs of a likelihood ratio test statistic in the absence 
of change and in the presence of a single change respectively.  
 

 
Figure 3: Sample graph showing a case of no change 

Step 6 
In case there is no change in model parameters for the given dataset, the change point algorithm 
comes to a stop and no further change points are sought. However, if a change exists, approximate 
the location of the change point using the maximum likelihood approach as the point k at which 
the statistic in equation (14) attains a maximum. 
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Figure 4: Sample graph showing a case of a single change 

 
Step 7 
Once a change has been detected and its location estimated, determine whether the said change 
point is statistically significant by conducting a likelihood ratio test. The null hypothesis of no 
significant change is rejected if the test statistic in equation 14 exceeds the critical value. 
 
Step 8 
If a change is found to be statistically insignificant, the algorithm comes to a stop and no further 
change points are sought. However, if a change is found to be significant at some point k , the 
current value of k is stored as a change point. 
 
Step 9 
Partition the input data set into two segments with the boundary corresponding to the change 
point estimate 𝑘. Each segment is then taken, one at a time, and treated as the input data set in 
step 1 then checked for the existence of change and the process repeats until no further change 
points are found. 
 
Given this is an iterative process, the estimated values of 𝑘 at each iteration must be recorded and 
stored. This process constitutes the stepwise recursive binary segmentation procedure discussed 
in section 2. Figure 5 represents a model flow chart for the Negative Binomial Multiple Change 
Point Algorithm  
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.  
Figure 5: Schematic representation of the Negative Binomial Multiple Change Point Algorithm 

 
3.2 Critical values of the likelihood ratio test 
This section refers to the methods described in subsection 2.4. The method proposed by Gombay 
and Horvath (1996) on the asymptotic distribution of the likelihood ratio test is applied in the 
determination of the critical values presented according to equation 18 which states that for all 
𝑇 > 0 
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𝑃 { sup
0≤𝑡≤𝑇

 Δ(𝑡) > 𝑥} =
𝑥𝑑exp(−𝑥2/2)

2𝑑/2Γ(𝑑/2)
{𝑇 −

𝑑

𝑥2
𝑇 +

4

𝑥2
+ 𝑂 (

1

𝑥4
)} (29) 

 
Various combinations of ℎ(𝑛) and 𝑙(𝑛) were tested for the current study, ensuring the condition 
0 < ℎ < 1 − 𝑙 < 1 was met. The choices of ℎ and 𝑙 selected were: 
 

ℎ(𝑛) = 𝑙(𝑛) =
(log 𝑛)(1.5)

𝑛
 

 
The parameter 𝑑 in equation 29 was taken as 𝑑 = 2 to equal the number of unknown parameters 
in the Negative Binomial model. The value of parameter 𝑇 was dependent on the choice of ℎ and 
𝑙. Since ℎ and 𝑙 were chosen no be equal, then 𝑇 was computed as: 
 

𝑇 = log (
(1 − ℎ)(1 − 𝑙)

ℎ𝑙
) = log (

(1 − ℎ)2

ℎ2
) 

 

The asymptotic critical values for √𝑍𝑛 were determined in the R environment for 1000 iterations 

as the roots of equation 29 for various sample sizes 𝑛 and different levels of significance 𝛼. The 
results are summarized in table 2. The critical values obtained were compared against the critical 
values obtained in Gombay and Horvath (1996). Gombay and Horvath obtained critical values for 
data derived from the Poisson distribution with a mean of 10. For comparability, we chose 
Negative Binomial parameters as 𝑟 = 10 and 𝑝 = 0.5 to achieve a mean of 10, like the Poisson 
distribution. Table 3 shows a sample of critical values derived under the Negative Binomial 
distribution against those presented by Gombay and Horvath for various sample sizes. The two 
sets of critical values are consistent. An assessment of how sensitive the critical values are to 
changes in model parameters indicated no significant difference provided the double exponential 
limit distribution assumption holds. 
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Table 2: Critical values for the LRT at varying sample sizes and levels of the test 

Sample size ( 𝑛 ) Level of the test ( 𝛼 ) Critical value (C) 

𝑛 = 12 0.10 2.900 

0.05 3.184 

0.01 3.735 

𝑛 = 20 0.10 3.019 

0.05 3.294 

0.01 3.830 

𝑛 = 60 0.10 3.209 

0.05 3.467 

0.01 3.978 

𝑛 = 100 0.10 3.275 

0.05 3.527 

0.01 4.029 

𝑛 = 200 0.10 3.349 

0.05 3.594 

0.01 4.086 

𝑛 = 500 0.10 3.428 

0.05 3.666 

0.01 4.148 

 
3.3 Results of the simulation study 
3.3.1 Particulars of the simulation study 
The change point algorithm developed in section 3 was tested using simulated data from a 
Negative Binomial distribution. Monte Carlo simulations were performed using R software to 
showcase three scenarios: a case of no change, followed by a case of a single change, and finally 
a case of multiple changes in distribution parameters. In the case of single and multiple changes, 
synthetic datasets were generated such that the true change points were known. This allowed the 
comparison of detected points against the true values.  
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The single change point study considered synthetic data for small and medium samples of size 𝑛 =
12, 𝑛 = 20, 𝑛 = 60, 𝑛 = 100, 𝑛 = 200 and 𝑛 = 500. The change points were set at each of the 
locations: 𝑛/4, 𝑛/2, and 3𝑛/4 where parameters 𝑟 and 𝑝 were assumed to change 
simultaneously, while the distributional form remained the same throughout the samples. For 
simplicity, the multiple change-point study considered only a case of two changes located at 
positions 𝑛/4 and 3𝑛/4 for a sample of size 𝑛.  
 
The choices of Negative Binomial model parameters 𝑟 and 𝑝 for the different segments in the 
simulation were made to demonstrate the impact of different parameters of the Negative 
Binomial distribution on the generated data.  
 

Table 3: Critical values for the Negative Binomial LRT versus Gombay's critical values 

Sample size ( 𝑛 ) 
Level of the 
test ( 𝛼 ) 

Asymptotic 
critical values 

Gombay's 
Critical values 

𝑛 = 20 0.10 3.019 3.11 

0.05 3.294 3.60 

0.01 3.830 4.70 

𝑛 = 50 0.10 3.183 3.18 

0.05 3.443 3.62 

0.01 3.958 4.69 

𝑛 = 100 0.10 3.275 3.23 

0.05 3.527 3.64 

0.01 4.029 4.57 

𝑛 = 500 0.10 3.428 3.31 

0.05 3.666 3.69 

0.01 4.148 4.54 

 
Different combinations of parameters 𝑟 and 𝑝 produced varying degrees of dispersion in the 
counts, providing an opportunity to analyze over-dispersion or changes in variability over the two 
segments. The rationale behind the specific parameter choices was to create diversity in data 
generation and illustrate change points while mimicking real-world scenarios in count data 
distributions. 
 
In the no-change setting, a single set of parameters 𝑟 = 5 and 𝑝 = 0.2 were chosen for the entire 
data series. Setting 𝑟 = 5 allows simulation of scenarios where five successful outcomes are 
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expected (like 5 successful sales, recoveries) before stopping the trials. A moderate value of 𝑟 led 
to a manageable amount of variability in the data, allowing the model to capture enough 
complexity without becoming overly simplistic or excessively complex. The choice of parameter 
𝑝 = 0.2 indicated a 20% chance of success in each individual trial. A lower probability of success 
leads to a larger number of trials being needed to achieve the desired number of successes. This 
aligns with real-world scenarios where events may be rare, leading to larger counts of failures and 
capturing the essence of over-dispersed count data. 
 
In the single change point setting, the parameters for the two segments were chosen as follows: 
 

Segment 1: 𝑟 = 8 and 𝑝 = 0.4 
 
The parameter choice for this segment indicates that you expect to see 8 successful outcomes 
(such as recoveries and disease incidences) before stopping the trials, with a success probability 
of 40%. A higher 𝑟 value can produce more variability in the counts, reflecting scenarios where 
events are more frequent or where a greater number of successes is desirable before considering 
a stopping point. A moderate success probability reflects a reasonably likely event, which may be 
indicative of a favorable condition. 
 

Segment 2: 𝑟 = 5 and 𝑝 = 0.2 
 

The values of 𝑟 and 𝑝 were chosen such that 5 successes are expected with only a 20% chance of 
success for each trial. A lower 𝑟 values in this segment may model a scenario 
where successes are less common, reflecting a different underlying process or condition. It can 
lead to less variability in counts, which might be appropriate if the success rate has significantly 
changed. A lower success probability in this segment means that more trials are needed to achieve 
the same number of successes, creating a higher variance in the outcomes. This can model a 
situation where conditions are critical, making successes more challenging to achieve. 
 
In the multiple (two) change point setting, the parameter values for the three segments were 
chosen as follows: 
 

Segment 1: 𝑟 = 8 and 𝑝 = 0.4 
 
This segment simulates random observations where you expect to achieve 8 successes, with a 
40% chance of success for each trial. A higher r value with a much lower p results in increased 
over-dispersion, which means greater variability in counts. This setting simulates a scenario where 
the stochastic process is more unpredictable, leading to larger counts and more fluctuations. 
 

Segment 2: 𝑟 = 3 and 𝑝 = 0.3 
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In this segment, data are simulated such that only 3 successes are expected with a 30% chance 
of success for each trial. The lower 𝑟 suggests a shift to a less successful outcome scenario, perhaps 
indicating a less favorable condition. A 𝑝 value of 0.3 suggests that while successes are still 
possible, they are less frequent than in the first segment, leading to a greater proportion of failures 
compared to successes. 

 
Segment 3: 𝑟 = 5 and 𝑝 = 0.2 

 
This segment is such that 5 successes are expected with a 20% chance of success per trial. A 
moderate 𝑟 combined with a lower 𝑝 reflects an even more challenging scenario for achieving 
successes, indicating a substantial decline in the likelihood of success compared to the previous 
segments. This can model conditions that have deteriorated significantly, resulting in fewer 
successful outcomes. 
 
Overall, the parameter values were chosen to reflect a range of potential real-world scenarios 
where you might expect changes in counts due to different influencing factors (such as changes in 
policy, market conditions, or environmental factors). The chosen values for 𝑟 and 𝑝 led to a clear, 
yet not visually obvious, distinction between data segments, making it easier to demonstrate 
effectiveness of the change point detection algorithm developed. This section gives a summary of 
results for the simulation study and power analysis showcasing performance of the NBMCPA given 
different sample sizes, model parameters, and location of change points. Throughout the 
simulation, the Likelihood ratio tests were conducted at the 5% level of significance. Visualizations 
of the likelihood ratio statistic are displayed for small and medium sample sizes and for each of 
three predefined change-point locations. The maximum values of the LRT statistics were 
compared to the critical values of the likelihood ratio test obtained in 3 to check for significance 
of change. 
 
3.3.2 A case where no change exists 
A random sample was generated under the Negative Binomial ( 𝑟 = 5, 𝑝 = 0.2 ) distribution for a 
case of no change. The entire data set was such that both parameters 𝑟 and 𝑝 of the distribution 

remained constant throughout the series. Figure 6 shows the graph of √Λk for a sample of size 

𝑛 = 500. The graph of the Likelihood Ratio Test statistics (as illustrated in figure 6 panel (b)) does 
not exhibit a unique or single maxima. 
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Figure 6: Graph showing a case of no change for a sample size 𝑛 = 500 

 
Instead, the graph appears rugged, somewhat like the graph of raw data as displayed in panel (a). 
This indicates that no change is detected. In addition to the lack of a unique maxima on the graph, 
the absence of variation in the distribution parameters is emphasized by the fact that the highest 
point on the graph of the LRT statistic lies below the critical value, 𝐶 = 3.666 at 𝛼 = 0.05 (see the 
dashed horizontal line. It is concluded that at the 5% level of significance, there is no statistically 
significant change in the distribution parameters. 
 
3.3.3 A case where a single change exists 
Synthetic data were obtained randomly from the Negative Binomial distribution with three preset 
change points for various small and medium sample sizes, 𝑛. The change points were set such that 
both parameters 𝑟 and 𝑝 changed only once in the entire series at either of the locations 𝑛/4, 𝑛/2 
or 3𝑛/4. However, the data segments formed both followed the Negative Binomial distribution. 
The change point estimates were obtained using the NBMCP algorithm and the results 

summarized in table 1. The graphs of the square root of the LRT statistics, √Λk with superimposed 

critical values are shown in figures 19 to 27. 
 
3.3.4 When the sample size is 𝒏 = 𝟓𝟎 
Figures (19), (20) and (21) represent the raw simulated data (panel a)) and the results of the 
Likelihood Ratio Test (panel (b)) when the change point is set at 𝑛/4, 𝑛/2 and 3𝑛/4 respectively. 
The estimated change point in each case is indicated on the graph of the likelihood ratio statistic 

√Λk using a vertical line. The horizontal dashed lines indicate the critical values of the test, used 

to determine whether on not a change, if present, is significant. The results displayed in figure 19 

showed that when the change point was set at position 𝑛/4, the MLE of the change point was 𝑘̂ =
13. On the other hand, when the change was set at the middle of the series, 𝑛/2 = 25, (see figure 

20) the change point estimate was 𝑘̂ = 25. When the change point was set further away from the 
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initial data point, at position 3𝑛/4 as shown in figure 21 , the change point estimate was 𝑘̂ = 38. 
 

 
Figure 7: Graph showing a case of a single change at 𝑛/4 for a sample size 𝑛 = 50 

 

 
Figure 8: Graph showing a case of a single change at 𝑛/2 for a sample size 𝑛 = 50 

 
3.3.5 When the sample size is 𝒏 = 𝟐𝟎𝟎 
Figures (22), (23) and (24) represent the raw simulated data and the results of the likelihood ratio 
test when the change point is set at 𝑛/4, 𝑛/2 and 3𝑛/4 respectively for 𝑛 = 200. The estimated 

change point in each case is indicated on the graph of the likelihood ratios ( √Λ𝑘 ) using vertical 

lines. The maximum points on the graph of the LRT statistic in each case exceed the critical value 
𝐶 = 3.594 indicating that the changes are significant at the 5% level. 
 
3.3.6 When the sample size is 𝒏 = 𝟓𝟎𝟎 
Figures (25), (26) and (27) represent the raw simulated data and the results of the likelihood ratio 
test when the change point is set at 𝑛/4, 𝑛/2 and 3𝑛/4 respectively for 𝑛 = 500. The estimated 

change point in each case is indicated on the graph of the likelihood ratio statistic (√Λ𝑘) using 

vertical lines. The horizontal dashed lines indicate the critical values of the test statistic at the 0.05 
level of significance. 
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(a) Simulated observations for n = 50 with a change at 3n/4 

 
(b)LRT Statistic for n = 50 with a change at 3n/4 

 
Figure 9: Graph showing a case of a single change at 3𝑛/4 for a sample size 𝑛 = 50 

 

 
Figure 10: Graph showing a case of a single change at 𝑛/4 for a sample size 𝑛 = 200 
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Figure 11: Graph showing a case of a single change at 𝑛/2 for a sample size 𝑛 = 200 

 

 
Figure 12: Graph showing a case of a single change at 3𝑛/4 for a sample size 𝑛 = 200 
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Figure 13: Graph showing a case of a single change at 𝑛/4 for a sample size 𝑛 = 500 

 

 
Figure 14: Graph showing a case of a single change at 𝑛/2 for a sample size 𝑛 = 500 
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Figure 15: Graph showing a case of a single change at 3𝑛/4 for a sample size 𝑛 = 500 

 
Table 4 gives a summary of the estimated change points for different sample sizes ( 𝑛 = 
12,20,60,100,200,500 ) located at various points for the foregoing single change-point scenario. 
The estimation error was calculated as the difference between the estimated change point and 
the true change point. The results showed that the algorithm detects and locates changes with 
very little ( Δ = ±1 ) or no ( Δ = 0 ) error. Changes located further away from the initial data point 
were more accurately estimated for small sample sizes. 
 

Table 4: Actual versus estimated changepoints across sample sizes and change locations 

Sample size (𝑛) Position of change Actual cpt (𝑘) Estimated cpt (𝑘̂) Error (Δ)  

𝑛 = 12 𝑛/4 3 2 1 

𝑛/2 6 5 1 

3𝑛/4 9 9 0 

𝑛 = 20 𝑛/4 5 4 1 

𝑛/2 10 9 1 

3𝑛/4 15 15 0 

𝑛 = 60 𝑛/4 15 14 1 

𝑛/2 30 30 0 

3𝑛/4 45 45 0 

𝑛 = 100 𝑛/4 25 24 1 

𝑛/2 50 50 0 
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3𝑛/4 75 75 0 

𝑛 = 200 𝑛/4 50 50 0 

𝑛/2 100 100 0 

3𝑛/4 150 150 0 

𝑛 = 500 𝑛/4 125 125 0 

𝑛/2 250 250 0 

3𝑛/4 375 375 0 

 
3.3.7 A case where multiple changes exist 
The NBMCP algorithm was found to work well for the single change point case as indicated by the 
results in table 4. The same algorithm was tested through a simulation study for a multiple change 
point case with a sample of size 𝑛 = 500. For simplicity, two change points were specified quarter-
way (at 𝑛/4 = 125) and three-quarter-way (at 3𝑛/4 = 375) respectively in the simulated data. 
 
3.3.7.1 Location of first change point 
The NBMCP algorithm detects changes by the order of their magnitude such that the first change 
point detected and estimated is the most pronounced among all changes present. The first change 
occurs at the point where the likelihood ratio test statistic first attains a maximum value. The 
vertical blocked line in figure (16) shows the estimate of the first change point, which corresponds 
to the 3𝑛/4 value. Potential additional change points in the data series only appear as peaks on 
the graph of the likelihood ratio statistics but are not marked as change points at this stage. 
 
3.3.7.2 Location of second change point 
Once the first change point is identified, the algorithm splits the time series into two parts at the 
first estimated change point. Change detection is then conducted in the lower partition and upper 
partitions provided the segments are not under-dispersed. The lower segment was discarded due 
to under-dispersion Figure (17) shows estimates of the first change point (vertical blocked line) 
and the second change point (vertical dashed line). 
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(a)Simulated data for 𝑛 = 500 with changes at 𝑛/4 and 3𝑛/4 

 
 

(b)LRT Statistic with first change point estimated at 3n/4 

 
Figure 16: Simulated observations (a) and Likelihood ratio (b) showing the location of first change 

point at position 3𝑛/4 for 𝑛 = 500 
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Figure 17: The location of the first change point at position 3𝑛/4 (vertical blocked line) and the 

second change point at 𝑛/4 (vertical dashed line) for 𝑛 = 500 
 
A dispersion test of the resulting three segments, given the two change points located, showed 
that the samples were under-dispersed and hence discarded. No further changes were sought in 
the lower, middle and upper sub-partitions of the data. Following the dispersion test, the 
algorithm comes to a halt and only two change points are reported. 
 
3.4 Power analysis 
Investigations into the power of the Likelihood Ratio Test for the existence of a change were 
conducted via a simulation study at the 5% level of significance. A null hypothesis of no change in 
the distributional parameters between any two data segments was tested against the alternative 
that a change in distributional parameters exists so that the data series has two segments, each 
following a negative binomial distribution but with varying dispersion parameters. Mathematically, 
the test hypotheses were given by equation (30) 
 

𝐻0: 𝑟1 = 𝑟2 = ⋯ = 𝑟𝑛 = 𝑟( No change ) 
 
Versus 
 

𝐻1: 𝑟1 = 𝑟2 = ⋯ = 𝑟𝑘 = 𝑟𝛼 ≠ 𝑟𝑘+1 = 𝑟𝑘+2 = ⋯ = 𝑟𝑛 = 𝑟𝛽 (change exists) (30) 
 
Several datasets were generated from the negative binomial distribution under the alternative 
hypothesis and the LRT statistic in equation 13 was computed for each dataset. The null hypothesis 
was rejected when the LRT statistic defined in equation 14 fell short of the critical value for a given 
sample size (see table (2). The proportion of times the null hypothesis was correctly rejected 
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constituted the power of the test, otherwise regarded as the probability of not making a Type II 
error (1 − 𝛽). 
 
The simulations were performed over 1000 iterations for each sample size and change point 
location to investigate the algorithm's ability to detect and correctly estimate change points under 
different conditions. Power was calculated as the proportion of simulations where the change 
point was correctly detected. 
 

 Power =
 Number of times the change point is correctly detected 

 Total number of simulations with a change point 
 

 
Sensitivity analysis of the test was performed in a single-change setting with change located at 
different positions ( 𝑛/4, 𝑛/2 and 3𝑛/4 ) and for varying sample sizes. Power results for each 
combination of sample size and change point were stored and used to determine the optimal 
conditions for change detection through a comparative analysis. A tolerance level of 1 was 
considered in the analysis. Table 5 summarizes the results of the power analysis for various sample 
sizes and locations of single change. The results showed that the likelihood ratio test was most 
powerful in detecting and locating change when the true change point was located midway 
through the data set. 
 
Change detection accuracy, in terms of the true positive rate, of the algorithm was higher for 
changes positioned three-quarter-way compared to when change was located closer to the first 
data point (quarter-way). These results were consistent with those presented in Mundia et al., 
(2014) and Nyambura et al., (2016). In addition, the power of the LRT was found to increase with 
the sample size with highest detection accuracy of 53.7% being recorded when the sample size 
was 𝑛 = 500.  
 
Additional analysis showed that the test was most powerful when changes were larger, so that 
there was greater distinction between the segments. However, the test performed well even for 
subtle changes, especially larger sample sizes. Figure 18 visualizes the trend in test power as the 
sample size increases and change point location is varied. The algorithm performance is checked 
by visually inspecting the features of the KDE curve at varying locations of true changepoints, while 
controlling for the sample size and magnitude of the distinction between data segments. 
 

Table 5: Power of the Likelihood Ratio Test for change 

Sample size ( 𝑛 ) Position of change Test power 

𝑛 = 12 𝑛/4 0.084 

𝑛/2 0.166 

3𝑛/4 0.103 
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𝑛 = 20 𝑛/4 0.311 

𝑛/2 0.424 

3𝑛/4 0.367 

𝑛 = 60 𝑛/4 0.404 

𝑛/2 0.434 

3𝑛/4 0.426 

𝑛 = 100 𝑛/4 0.477 

𝑛/2 0.496 

3𝑛/4 0.494 

𝑛 = 200 𝑛/4 0.498 

𝑛/2 0.533 

3𝑛/4 0.524 

𝑛 = 500 𝑛/4 0.513 

𝑛/2 0.537 

3𝑛/4 0.533 

 

 
Figure 18: Sensitivity analysis of the power of the LRT for change detection 

 
This subsection gives a summary of results for the simulation study and visual analysis showcasing 
performance metrics of the NBMCPA given different sample sizes, and location of change points. 
For each sample size considered, the true change points are set 
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at positions 𝑛/4, 𝑛/2 and 3𝑛/4. The distribution of estimated change points is visualized using 
histograms and plots of the kernel density estimates. The vertical red dashed lines mark the 
position of the true change points on the kernel density curves. 
 
3.5 When the sample size is 𝒏 = 𝟐𝟎 
Figures (19), (20) and (21) show the distribution of the estimated change points for a small sample 
of size 𝑛 = 20. From the histogram, the estimated change points are scattered at different 
positions with a slight concentration around the true change point for cases where the true 
changes are located at position 𝑛/4 and 3𝑛/4. The data distributions displayed on the histograms 
in figures 19 and 21 reveal that the algorithm has a lower accuracy and precision for small sample 
sizes when the true changes are located near the endpoints of the dataset.  
 
The KDE curves show two relatively broad peaks with the higher peaks showing a higher 
concentration of the estimates around the true change points. The lower peaks an indication of 
false alarms in change detection. On the other hand, when the true change point is located at the 
middle of the dataset (at 𝑛/2), the histogram shows a peak at around the middle position, with 
fewer estimates in regions away from 𝑛/2. In addition, the KDE curve has a single peak near, but 
not coinciding with, the true change location. This result indicates that the model accuracy and 
precision is higher for changes located at 𝑛/2 compared to when changes are located at 
𝑛

4
 and 3𝑛/4. However, there is a notable misclassification rate evidenced by the departure of the 

peak of the KDE curve from the true change point. 
 
 

 
Figure 19: Distribution of change points for a case of a single change at 𝑛/4 for a sample size 𝑛 =

20 
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Figure 20: Distribution of change points for a case of a single change at 𝑛/2 for a sample size 𝑛 =

20 
 

 
Figure 21: Distribution of change points for a case of a single change at 3𝑛/4 for a sample size 

𝑛 = 20 
 

3.6 When the sample size is 𝒏 = 𝟐𝟎𝟎 
Figures (22), (23) and (24) show the distribution of the estimated change points for a sample of 
size 𝑛 = 200. The histogram shows that estimated change points are concentrated around the 
true change positions for all three locations, indicating a high precision and accuracy of the model 
across all positions of actual change points. This finding is further supported by the KDE curve 
which has a narrow peak in all three cases indicating that there is no significant bias or variability 
in the model's estimates for the given sample size.  
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However, the distribution of estimated change points has longer tails to the right (for true change 
and 𝑛/4) and to the left (for true change and 3𝑛/4) pointing to the presence of false alarms and 
lower precision in the change point detection before and after the true change points.  
 

 
Figure 22: Distribution of change points for a case of a single change at 𝑛/4 for a sample size 𝑛 =

200 
 

 
Figure 23: Distribution of change points for a case of a single change at 𝑛/2 for a sample size 𝑛 =

200 
 

3.7 When the sample size is 𝒏 = 𝟓𝟎𝟎 
Figures (25), (26) and (27) show the distribution of the estimated change points for a sample of 
size 𝑛 = 500. From the histogram, the estimated change points are concentrated around the true 
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change positions for all three locations indicating a high precision and accuracy of the model. This 
finding is further supported by the KDE curve which has a narrow peak in all three cases indicating 
that there is no significant bias or variability in the model's estimates for the given sample size. 
 
 

 
Figure 24: Distribution of change points for a case of a single change at 3𝑛/4 for a sample size 

𝑛 = 200 
 

 
Figure 25: Distribution of change points for a case of a single change at 𝑛/4 for a sample size 𝑛 =

500 
 

Table 6 gives a summary of performance metrics based on estimated change points for different 
sample sizes ( 𝑛 = 12, 20, 60, 100, 200, 500 ) and true change point locations(𝑛/4, 𝑛/2,3𝑛/4). 
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The change point estimation error was calculated as the absolute difference between the 
estimated change point and the true change point. The results showed that the NBMCPA locates 
changes with a median absolute error close to 0, with a narrow (between 2 and 7) interquartile 
range irrespective of the sample size and true change location. Further, the mean absolute error 
is small (ranging between 1.7 and 14.9) across all sample sizes. Therefore, the algorithm is found 
to be consistently accurate. 
 
Regarding model precision, the model's capability to detect changes and correctly estimate 
change points increases with the sample size. In addition, true changes located in the middle of 
the dataset (at position 𝑛/2) were estimated with higher precision in comparison to changes 
located at positions 𝑛/4 and 3𝑛/4. The model performance in terms of the empirical coverage 
was similar to the precision. 
 
The algorithm detects changes whenever true variations in model parameters exist, irrespective 
of whether they are correctly located or not. The true positive rate equals 1 across all sample sizes 
and true change positions, except for very small sample sizes, (e.g. 𝑛 = 12) where the sensitivity 
ranges between 0.096 and 0.137. Based on the simulation results, the algorithm misses true 
change points in some iterations, which is attributed to a low signal-to-noise ratio given the subtle 
change occurring in a few observations. 
 
 

 
Figure 26: Distribution of change points for a case of a single change at 𝑛/2 for a sample size 𝑛 =

500 
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Figure 27: Distribution of change points for a case of a single change at 3𝑛/4 for a sample size 

𝑛 = 500 
 

The false positive rate decreases with increasing sample size (FPR=0.497 for n = 12 and FPR =
0.172 for n = 500 when the true change point is located at n/2 ). However, FPR is lower for 
changes located in the middle of the dataset compared to quarter-way and three-quarter-way. 
The F1 score provides a balance in harmonic average, between the sensitivity and precision of the 
model. The results showed that F1 score increases with the sample size, and like precision, it is 
highest for changes located midway through the data compared to the true change locations of 
𝑛/4 and 3𝑛/4. located further away from the initial data point were more accurately estimated 
for small sample sizes. 
 

Table 6: Model performance metrics for varying sample sizes and true change locations 

Sample size True cpt IQR AE MedAE MAE Precision Sensitivity FPR 
F1 
Score 

𝑛 = 12 

𝑛/4 3 2 2.53 0.385 0.096 0.614 0.154 

𝑛/2 2 1 1.77 0.503 0.137 0.497 0.162 

3𝑛/4 5 0 2.27 0.521 0.104 0.478 0.113 

𝑛 = 20 

𝑛/4 6 3 4.29 0.328 1 0.672 0.494 

𝑛/2 3 2 2.76 0.424 1 0.576 0.596 

3𝑛/4 6 2 4.08 0.403 1 0.597 0.574 
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𝑛 = 60 

𝑛/4 7 2 7.17 0.407 1 0.593 0.579 

𝑛/2 4 2 4.79 0.455 1 0.545 0.625 

3𝑛/4 6 2 6.27 0.434 1 0.566 0.605 

𝑛 = 100 

𝑛/4 4 2 6.14 0.673 1 0.327 0.805 

𝑛/2 4 2 5.38 0.695 1 0.327 0.820 

3𝑛/4 5 2 5.52 0.669 1 0.331 0.802 

𝑛 = 200 

𝑛/4 3 1 4.94 0.730 1 0.270 0.844 

𝑛/2 3 1 6.43 0.737 1 0.263 0.849 

3𝑛/4 3 1 6.35 0.719 1 0.281 0.837 

𝑛 = 500 

𝑛/4 3 1 11.82 0.741 1 0.259 0.851 

𝑛/2 3 1 13.21 0.820 1 0.172 0.906 

3𝑛/4 4 1 14.96 0.806 1 0.194 0.893 

 

5.0 Conclusion and Recommendations 
This simulation study considered a single change detection problem for datasets with sizes ranging 
between 𝑛 = 12 and 𝑛 = 500 while controlling for the magnitude of change. Given the foregoing 
results, the NBMCPA consistently detects and estimates changes points across varying sample 
sizes and true change point locations. The model's ability to accurately locate the true change 
point varies with the location of the true change point, relative to the size of the dataset, like the 
results discussed in Truong et al. (2020).  
 
In this study, the model performance was compared across three different true change point 
locations: at 𝑛/2, 𝑛/4, and 3𝑛/4. The simulation results revealed that the algorithm has highest 
precision when the true changepoint is located at the middle (point 𝑛/2 ) of the dataset consistent 
with Aminikhanghahi and Cook (2017): Mundia et al. (2014); Nyambura et al. (2016). A 
symmetrical distribution with equal amount of data either side of the true change point makes it 
easier for the model to detect the change point because the magnitude of change in the data 
before and after the true change point is likely to be roughly similar, allowing the model to detect 
subtle abrupt shifts. 
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When the true changepoint is located at position 𝑛/4 or 3𝑛/4, there is a data imbalance such that 
the true change point is located closer to the beginning (at 𝑛/4 ) or end (at 3𝑛/4 )of the dataset. 
The smaller data segments before or after the change may have less data to provide evidence of 
the change, contingent on the sample size, which could result in lower detection accuracy. 
 
In a nutshell, the model performance is optimal when the true changepoint is located at 𝑛/2 
because the data is balanced, and the shift is clear on both sides of the change point, which results 
in a high precision and detection accuracy, both of which increase with sample size. Further, the 
rate of false alarms is highest for changes located quarterway, followed by changes at 3𝑛/4, and 
lowest for changes located midway through the dataset. The NBMCPA is developed such that only 
a single change can be identified at a time. In the multiple change point setting, the algorithm 
starts by checking for change points in the entire series. In cases where only one change exists, 
then the algorithm stops when the first and only change point is located. However, where there 
are two or more change points, the most pronounced change is detected and located first, then 
the next most pronounced change is identified and so on. 
 
Further investigations can be done to investigate the algorithm performance where there are 
multiple subtle changes near each other within small and medium datasets. Finally, this study 
presents a hybrid algorithm that works well for both over dispersed and under-dispersed count 
datasets. Interested researchers may develop changepoint algorithms that work well for under-
dispersed count data. 
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      X ‾  k


  k


      X ‾  k =     ∑  i = 1  k       x  i  k    and      S  k 2 =     ∑  i = 1  k        (   x  i −     X ‾  k ) 2  k − 1


    S  N − k 2


      X ‾  N − k


  N − k


      X ‾  N − k =     ∑  i = k + 1  N       x  i  N − k    and      S  N − k 2 =     ∑  i = k + 1  N        (   x  i −     X ‾  N − k ) 2  N − k − 1
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        Λ  k ˆ = − 2  (   l 0 (   r ˆ ,   p ˆ ) −   l 1  (     r ˆ  𝛼 ,     r ˆ  𝛽 ,     p ˆ  𝛼 ,     p ˆ  𝛽 ) ) # ( 13 )


    k ˆ ∈ [ 2 , N − 2 ]
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         Z  N ˆ =  max  2 ≤ k ≤ N − 2     Λ  k # ( 14 )
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    t 1 , … ,   t 20


    t 21 , … ,   t 100


   (   t 1 , … ,   t 20 )


   (   t 21 , … ,   t 100 )


              H 0 :   r 1 =   r 2 = … =   r 20 = r             versus         H 1 :   r 1 =   r 2 = … =   r  k =   r  𝛼 ≠   r  k + 1 =   r  k + 2 = … =   r 20 =   r  𝛽                            (15)


    H 0 :   r 21 =   r 22 = … =   r 100 = r


       H 1 :   r 21 =   r 22 = … =   r  k =   r  𝛼 ≠   r  k + 1 =   r  k + 2 = … =   r 100 =   r  𝛽 # ( 16 )
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  n = 12 , 20 , 60 , 100 , 200


  𝛼 = 1 % , 5 %
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  0 < 𝛼 < 1


    z  n =   z  n ( 1 − 𝛼 ) = sup  ( x : P  {    Z  n ≤ x } ≤ 1 − 𝛼 )


     r ( h , l )     = r ( h , l ; 1 − 𝛼 )      = sup  ( x : P  {  sup  h ≤ t ≤ 1 − t      {   B  ( d ) ( t ) / ( t ( 1 − t ) ) }  1 / 2 ≤ x } = 1 − 𝛼 )  (17)
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   lim  n → ∞   P  {    Z  n > r ( h ( n ) , l ( n ) ) } = 𝛼


  r ( h ( n ) , l ( n ) )


  𝛼


  0 < h < 1 − l < 1


   sup  h ≤ t ≤ 1 − t      (     B  ( d ) ( t )  t ( 1 − t ) )  1 / 2 =  sup  0 ≤ t ≤ log ⁡ ( 1 − h ) ( 1 − l ) / h l   Δ ( t )


  T > 0


     P  {  sup  0 ≤ t ≤ T   Δ ( t ) > x } =     x  d exp ⁡  ( −   x 2 / 2 )   2  d / 2 Γ ( d / 2 )  { T −   d    x 2 T +  4    x 2 + O  (  1    x 4 ) } # ( 18 )


  r ( h ( n ) , l ( n ) )
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  h
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  h ( n ) = l ( n ) =   ( log ⁡ n  )  ( 3 / 2 )  n
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  T = log ⁡  (   ( 1 − h ) ( 1 − l )  h l )


  h ( n )


  l ( n )
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  k = n / 4 , n / 2


  k = n / 4 , n / 2


  3 n / 4


      True Positive Rate    =    Number of correctly detected change points    Total number of true change points  # ( 19 )     =    True Positives    True Positives + False Negatives  # ( 19 )


  k = n / 4 , n / 2


  3 n / 4


      False Positive Rate  =    Number of false positives    Total number of iterations  # ( 20 )


      Mean Absolute Error (MAE)  =  1  T   ∑  i = 1  T      |     c ˆ  i − c | # ( 21 )
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      c ˆ  i


  i


  T


      Precision  =    True Positives    True Positives  +  False Positives  # ( 22 )


      F1 Score  = 2 ×    Precision  ×  Sensitivity    Precision  +  Sensitivity  # ( 23 )


  ± k


  n / 2


      Empirical coverage  =    Number of detected change points within tolerance range    Number of iterations  # ( 24 )


  k


  k = 1


  n < = 60


  n = 60


  n = 200
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  k = 5


  200 < n < 500


         f ˆ h ( x ) =  1  n h   ∑  i = 1  n     K  (   x −   X  i h ) # ( 25 )


      f ˆ h ( x )
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  K ( ⋅ )


     K ( u ) =  1   2 𝜋   e  −  1 2   u 2 # ( 26 )


         f ˆ h ( x ) =  1  n h  2 𝜋   ∑  i = 1  n       e  −  1 2    (   x −   x  i h ) 2 # ( 27 )
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     h = 0 . 9 ⋅ min  ( std ( X ) ,   IQR ( X )  1 . 34 ) ⋅   n  − 1 / 5 # ( 28 )
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  T > 0


     P  {  sup  0 ≤ t ≤ T   Δ ( t ) > x } =     x  d exp ⁡  ( −   x 2 / 2 )   2  d / 2 Γ ( d / 2 )  { T −   d    x 2 T +  4    x 2 + O  (  1    x 4 ) } # ( 29 )
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    H 0 :   r 1 =   r 2 = … =   r  n = r (  No change  )


       H 1 :   r 1 =   r 2 = … =   r  k =   r  𝛼 ≠   r  k + 1 =   r  k + 2 = … =   r  n =   r  𝛽  (change exists)  # ( 30 )


  ( 2 )


  ( 1 − 𝛽 )


   Power  =    Number of times the change point is correctly detected    Total number of simulations with a change point 
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